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The morphological stability of the external free surface of a composite structure made of two shells stressed through the
interface has been investigated when mass rearrangement along the surface is controlled by surface diﬀusion. Due to epi-
taxy or thermal change, an eigenstrain located in the inner shell is considered. The resulting stress and strain tensors have
been ﬁrst calculated assuming that the interface between the two initially spherical shells is coherent. The roughness
appearing by surface diﬀusion on the external surface of the structure has been then developed on a basis of complete
spherical harmonics and the linear stability of the surface has been investigated with respect to each harmonic Y ml ðh;uÞ.
The growth rate of the lth order harmonic has been determined and the inﬂuence of the geometric and physical parameters
such as the radius of the interface, the radii of the free surfaces, the intrinsic deformation or the surface energy has been
characterized. The case of a spherical solid embedded in a ﬁnite-size matrix has been also discussed.
 2006 Elsevier Ltd. All rights reserved.
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The morphological instability of stressed solids has been widely investigated since it has been observed that
the roughness of free surfaces and interfaces can strongly modify the mechanical properties of solids such as
multilayers, cubic precipitates in superalloys, pore channels or axi-symmetrical conductors used for a number
of technological applications ranging from micro-electronics to aeronautics. The ﬁrst studies of the linear sta-
bility of the free surface of a planar solid non-hydrostatically stressed have been performed by Asaro and Til-
ler (1972) and co-workers (Spencer et al., 1991; Srolovitz, 1991; Freund and Jonsdottir, 1993; Grilhe´, 1993;
Nozie`res, 1993; Spencer et al., 1993). Considering diﬀerent mass transport mechanisms such as surface diﬀu-
sion or evaporation/condensation mechanism, it has been demonstrated that the surface is unstable with
respect to sinusoidal perturbation of wavelength greater than a critical value depending on the physical
parameters of the solids such as the surface energy, the elastic constants or the applied stress. This instability
driven by the lowering of the total energy stored in the solid has been found to be independent of the mass0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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wavelength. A variational approach has been also developed by Grinfeld (1993) who characterized in the
frame of the thermodynamics of heterogeneous systems, the morphological change of solids. Recently, the
study of the surface instability in biaxially stressed solids has demonstrated that a new diamond morphology
is favored when the stress is tensile in one direction and compressive in the orthogonal one (Berger et al.,
2003). The eﬀect of morphological change in self-organized nanowire array in InAs/GaSb superlattices due
to interfacial bonds has been also studied (Li et al., 2005) as well as the competition as a strain-relief mech-
anism between misﬁt dislocations and stress-induced instability of a growing ﬁlm/vapor interface in the case of
an epitaxially stressed thin ﬁlm on a substrate (Haataja et al., 2002). It can be noticed that the eﬀect of stress
on the directional solidiﬁcation of a planar solid in an external thermal gradient has been carried out and the
non-linear evolution of the roughness has been characterized (Cantat et al., 1998).
The morphological change of a number of materials developing non-planar geometry has been investigated
when diﬀerent conditions of stress are considered. For example, the study of the axi-symmetrical rods evolu-
tion by surface diﬀusion under longitudinal stress has given rise to an extensive literature. Introducing axial
and radial sinusoidal ﬂuctuations onto the surface of the cylinder, the conditions of its stability have been
characterized (Suo and Wang, 1994; Colin et al., 1997; Wang and Suo, 1997). The case of non-axi-symmetric
instability has been also recently investigated (Kirill et al., 1999; Kirill et al., 2002). The analytical study of the
linear stability of the surface of solids has been completed by numerical simulations of the evolution of the
roughness in the non-linear regime in the case of planar and axi-symmetrical geometries (Chiu and Gao,
1993; Yang and Srolovitz, 1993; Kassner and Misbah, 1994; Spencer and Meiron, 1994; Suo and Wang,
1994; Wang and Suo, 1997). The possibility of formation of cracks from the surface has been discussed
and the pinch-oﬀ of cylindrical structures has been observed.
The case of a spherical solid has been also investigated. In the ﬁeld of materials science and metallurgy, one
of ﬁrst studies of the linear stability of a sphere has been performed to the author’s knowledge, by Mullins and
Sekerka (1963). Assuming that a spherical particle in contact with its melt undergoes diﬀusion-controlled
growth, the development of a perturbation expanded on a basis of spherical harmonics has been analyzed
in the linear regime. In particular, the critical radius of the sphere above which the ﬁrst harmonic Y m2 breaking
the symmetry of the sphere may develop has been determined. The problem of the solidiﬁcation of the particle
by heat ﬂow has been also investigated by the same authors. The evolution of the sphere when mass rearrange-
ment occurs through surface diﬀusion has been then investigated by Nichols and Mullins (1965) and the eﬀect
of capillarity on the development of a spherical harmonic has been investigated. The inﬂuence of stress on the
development of the ﬂuctuation has been characterized later by Leo et al. (1985) and Leo and Sekerka (1989) in
the case of a binary alloy consisting in a growing spherical precipitate embedded in an inﬁnite-size matrix.
Assuming that atoms are diﬀusing in the matrix, the stability of the interface of the epitaxially stressed pre-
cipitate has been investigated as a function of the lattice mismatch and shear modulii of both phases. In this
frame, numerical simulations have been performed and the Ostwald ripening and coarsening have been char-
acterized (Jou et al., 1997; Leo et al., 2000; Akaiwa et al., 2001; Thornton et al., 2001; Akaiwa et al., 2001; Li
et al., 2003). Two and three dimensional calculations have been carried out and the microstructure evolution
has been determined as a function of the elastic in-homogeneity, epitaxy or applied ﬁelds. It has also to be
noticed that the eﬀect of composition stress on the stability of a growing spherical particle in contact with
its melt has been studied by Caroli et al. (1989) within the framework of Cahn–Larche´ formalism of diﬀusion
under stress (Larche´ and Cahn, 1985).
The problem of the evolution of a spherical void in a 3D solid under stress has been analyzed. Three kinetic
processes have been successively considered: surface diﬀusion, diﬀusion in a ﬂuid inside the cavity and surface
reaction. In the three cases, it is found that the void may evolve from a sphere to a penny-shaped crack (Sun
et al., 1994). The eﬀect of a constant strain rate of the loading on the evolution of the void shape has been also
analyzed.
In the ﬁeld of continuum mechanics, the case of a stressed spherical shell has been investigated (Wesolow-
ski, 1967; Wang and Ertepinar, 1972; Ogden, 1984). Considering internally or externally pressurized shells, a
bifurcation analysis has been carried out for neo-Hookean materials and the critical strain above which shape
instability and buckling occur has been determined. The diﬀerent unstable modes have been found to depend
on the strain-energy function and on the thickness of the shells. Recently, the eﬀect of volumetric growth in the
3220 J. Colin / International Journal of Solids and Structures 44 (2007) 3218–3230stability of biological tissues modelled by hyperelastic materials in the theory of ﬁnite elasticity has been stud-
ied (Ben-Amar and Goriely, 2005). The role of mechanical and geometric eﬀects have been identiﬁed.
In this paper, the stability of the external free surface of a composite shell made of two spherical shells
under stress with a coherent interface is studied assuming that the mass transport mechanism is surface dif-
fusion. Within linear and isotropic elasticity theory, the eﬀect of stress on the development of a ﬂuctuation
described by a spherical harmonic is characterized. In the linear regime, the eﬀect of geometric and mechanical
parameters such as the diﬀerent radii or the eigenstrain are investigated.
2. Formulation of the problem
A composite spherical shell is made of two shells, the inner and outer radii are respectively labelled R1 and
R for the ﬁrst shell and R and R2 for the second one (see Fig. 1). Using spherical coordinates (r,h,u), the inter-
face between the two shells is located at r = R. It is assumed that the elastic constants are equal in both shells,
the Young modulus is labelled l and Poisson’s ratio m. The interface between the two solids is coherent and a
constant eigenstrain * is introduced (without loss of generality) in the ﬁrst shell, i.e., for R1 6 r 6 R,
E1;ðÞrr ðrÞ ¼ E1;ðÞhh ðrÞ ¼ E1;ðÞuu ðrÞ ¼ . The origin of the eigenstrain or intrinsic deformation may be for example
the lattice mismatch between the two crystalline substances of diﬀerent lattice parameters when the shells are
epitaxially stressed or the mismatch between thermal expansion coeﬃcients in the case of thermally stressed
shells. The stability results of the structure obtained in this paper can also be generalized to pressurized shells.
2.1. Determination of stress and strain tensors in the initially spherical shells
In both phases, the initial stress and total strain tensors respectively labelled Tk,(0) and Ek,(0) are deﬁned as
follows:Fig. 1.T k;ð0Þ ¼ Ck Ek;ð0Þ  Ek;ðÞ ; ð1Þ
with k = 1, 2 in the ﬁrst and second shell respectively. Ck is the elastic constant tensor and Ek,(*) is the eigen-
strain tensor already deﬁned:E1;ðÞ ¼ I; E2;ðÞ ¼ 0; ð2Þ
where I is the unit tensor. The stress Tk,(0) must also satisfy to the Cauchy’s equation in both phases:The external radius of the second shell is perturbed by the spherical harmonic Y 08ðh;uÞ.
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characterizing the mechanical equilibrium in the bulk. Introducing Eq. (1) into Eq. (3) leads to the following
modiﬁed Navier’s equation for the displacement ﬁeld ~uk;ð0Þ:r2~uk;ð0Þ þ 1
1 2mr r  ~u
k;ð0Þ  ¼ 2ð1þ mÞ
1 2m rE
k;ðÞ: ð4ÞThe above Eq. (4) is equivalent to the bulk equilibrium equation derived in the case of thermo-elastic problems
(Boley and Weiner, 1960) with an eigenstrain Ek,(*) deﬁned as the thermal expansion coeﬃcient times the tem-
perature. In the case of a coherent interface, two supplementary boundary conditions have to be satisﬁed.
Neglecting the capillarity stress, the equilibrium of forces onto the interface writes:T 1;ð0Þ  T 2;ð0Þ ~n ¼ ~0; ð5Þ
where ~n is the normal to the interface pointing into the second shell. The continuity of total displacement ~uk;ð0Þ
writes:~u1;ð0Þ ¼ ~u2;ð0Þ: ð6Þ
The mechanical equilibrium of both free surfaces leads to the following equations:T 1;ð0Þ~n1 ¼ ~0; for r ¼ R1 ð7Þ
andT 2;ð0Þ~n2 ¼ ~0; for r ¼ R2 ð8Þ
with ~n1 and ~n2 two outer normal vectors to the surfaces located at r = R1 and r = R2, respectively. Since the
intrinsic deformation of the shells is assumed to be symmetric with respect to the origin, the general expression
of the displacement is ~uk;ð0Þð~rÞ ¼ uk;ð0Þr ðrÞ ~er; with ~er the radial unit vector. Navier’s equation (4) is then satisﬁed
for a radial displacement uk;ð0Þr given by (Boley and Weiner (1960)):uk;ð0Þr ðrÞ ¼ A0kr þ
B0k
r2
þ 1þ m
1 m
1
r2
Z r
r
Ek;ðÞðr0Þr02dr0; ð9Þwhere r*, A
0
k and B
0
k are constants to be speciﬁed. Using the classical deﬁnition of strain tensor
Ei;ð0Þkl ¼ 1=2ðoui;ð0Þk =oxl þ oui;ð0Þl =oxkÞ and Hooke’s law, the strain and stress tensors can easily be derived as a
function of the constants A0k and B
0
k (Boley and Weiner, 1960). For example the radial component of stress
T k;ð0Þrr is given byT k;ð0Þrr ðrÞ ¼ 2l
1þ m
1 2mA
0
k  4l
B0k
r3
 4l 1þ m
1 m
1
r3
Z r
r
Ek;ðÞðr0Þr02dr0: ð10ÞA similar relation holds for the ‘‘hoop’’ stress T k;ð0Þhh ¼ T k;ð0Þuu (see Appendix). Taking r* = R1 in the deﬁnition of
displacement and stress Eqs. (9) and (10), the equilibrium Eqs. (5)–(8) have been used to determine the four
constants A0k and B
0
k (with k = 1,2) characterizing the elastic state of the two shells (see Appendix). The two
components of stress T 2;ð0Þrr and T
2;ð0Þ
hh which participate to the destabilization of the external free surface have
been found to be:T 2;ð0Þrr ðrÞ ¼ 4l
1þ m
1 m 
 R
3  R31
R32  R31
r3  R32
3r3
; ð11Þ
T 2;ð0Þhh ðrÞ ¼ 2l
1þ m
1 m 
 R
3  R31
R32  R31
2r3 þ R32
3r3
: ð12ÞIt can be noticed that the initial stress tensor is such that T k;ð0Þhh ¼ T k;ð0Þuu . This relatively simple form of initial
stress allows for solving analytically the elasticity problem of the perturbed shells in the next section using
Leo et al. (1985) results.
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The evolution of the external free surface of the structure is assumed to be controlled by surface diﬀusion. It
is well admitted (Asaro and Tiller, 1972; Larche´ and Cahn, 1985; Spencer et al., 1991; Chiu and Gao, 1993;
Yang and Srolovitz, 1993; Suo and Wang, 1994) that the chemical potential of a stressed solid undergoing
morphological change by surface diﬀusion is deﬁned by lc = X(c j + G
elas), where X is the atomic volume,
c the surface energy, j the curvature of the surface in the reference state and Gelas the elastic energy density
at the surface. The resulting surface ﬂux of atoms is deﬁned by (Mullins, 1957; Larche´ and Cahn, 1985):eJ S ¼ DSfkT rSlc ¼ DSfXkT rS cjþ Gelas ; ð13Þ
where $S is the surface gradient, DS the surface diﬀusivity of atoms, k Boltzmann’s constant, T the tempera-
ture, f the number of atoms per unit area. The motion of the surface is then controlled by the accumulation of
diﬀusing atoms (Spencer et al., 1991):o~r
ot
¼ XðrS  eJ SÞ~n2; ð14Þand the normal component of Eq. (14) gives the non-linear evolution equation of the external free surface:oq
ot
¼ DSX
2fc
kT
1þ jrqj2
 1=2
r2S jþ
Gelas
c
 
; ð15Þwith r2S the surface Laplacian. At each step of the evolution of the surface proﬁle, the elasticity Eqs. (5)–(8)
have to be solved and the elastic energy density has to be evaluated at the surface. The proﬁle of the surface is
then evolved according to the time evolution Eq. (15). It is assumed that the time scale for elastic deformation
is small compared to the time scale of diﬀusion of atoms. In the next section, a ﬂuctuation has been introduced
on the external surface of the structure and the coupled equations of elasticity and diﬀusion have been solved
to the ﬁrst order in amplitude of the perturbation. The growth rate of the ﬂuctuation has been then determined
and the early beginning of its evolution has been characterized in the linear regime.3. Morphological instability of the structure
The external radius of the shell q(h,u, t) is perturbed with the help of the complete spherical harmonic
Y ml ðh;uÞ:qðh;u; tÞ ¼ R2 þ dðtÞY ml ðh;uÞ ¼ R2 1þ dðtÞY ml ðh;uÞ
 
; ð16Þwhere d(t) is the amplitude of the perturbation, t the time and d* = d/R2 1 the corresponding small dimen-
sionless parameter used for the perturbation development. To the ﬁrst order in d*, the displacement, strain and
stress write:~uk ¼ ~uk;ð0Þ þ d~uk;ð1Þ þHðd2Þ;
Ekij ¼ Ek;ð0Þij þ dEk;ð1Þij þHðd2Þ;
T kij ¼ T k;ð0Þij þ dT k;ð1Þij þHðd2Þ:
ð17ÞNavier’s Eq. (4) is then re-written as:r2~uk;ð1Þ þ 1
1 2mr r  ~u
k;ð1Þ  ¼ 0: ð18Þ
Following Leo et al. (1985) and Caroli et al. (1989) the perturbed displacement ~uk;ð1Þ can be taken of the form:
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uk;ð1Þh ðr; h;uÞ ¼ gkðrÞ
oY ml
oh
ðh;uÞ;
uk;ð1Þu ðr; h;uÞ ¼ hkðrÞ
1
sin h
oY ml
ou
ðh;uÞ;
ð19Þwhere the functions fk, gk and hk are deﬁned byfkðrÞ ¼ A1krl1 þ B1krlþ1 þ C1krl2 þ D1krl;
gkðrÞ ¼
1
l
A1kr
l1 þ fB1krlþ1 
1
lþ 1C
1
kr
l2 þ 1D1krl;
hkðrÞ ¼ gkðrÞ;
ð20Þwith the constants A1k ;B
1
k ;C
1
k and D
1
k to be determined. The coeﬃcients f and 1 are deﬁned as follow:f ¼ lþ 5 4mðlþ 1Þðl 2þ 4mÞ ; 1 ¼
4 l 4m
lðlþ 3 4mÞ : ð21ÞThe normal to the external perturbed surface is also modiﬁed as ~n2 ¼ ð1;d oY
m
l
oh ; dsin h
oY ml
ou Þ. Since the elastic
coeﬃcients are assumed equal in both shells, the elastic relaxation is completely determined by only one dis-
placement ﬁeld in the shells ~u1;ð1Þ ¼ ~u2;ð1Þ ¼ ~uð1Þ with four constants A1, B1, C1, D1. The stress and strain tensors
of relaxation are respectively labelled T(1) and E(1) and the boundary conditions write:T 2;ð0Þ þ dT ð1Þ
 
~n2 ¼ ~0; for r ¼ q; ð22Þ
T 1;ð0Þ þ dT ð1Þ
 
~n1 ¼ ~0; for r ¼ R1: ð23Þ
The development of the above system to the ﬁrst order in d* leads to:T ð1Þrr ðr ¼ R2Þ ¼ 
oT 2;ð0Þrr
or

r¼R2
R2Y ml ðh;uÞ; ð24Þ
T ð1Þrh ðr ¼ R2Þ ¼ T 2;ð0Þhh ðr ¼ R2Þ
oY ml
oh
; ð25Þ
T ð1Þru ðr ¼ R2Þ ¼ T 2;ð0Þuu ðr ¼ R2Þ
1
sin h
oY ml
ou
; ð26Þ
T ð1Þrr ðr ¼ R1Þ ¼ 0; ð27Þ
T ð1Þrh ðr ¼ R1Þ ¼ 0; ð28Þ
T ð1Þru ðr ¼ R1Þ ¼ 0: ð29ÞIt can be noticed that in the hypothesis where T k;ð0Þhh ¼ T k;ð0Þuu the Eqs. (25), (26) and (28), (29) are degenerated
and the system reduces to four independent equations that have been used to determine the four
constants A1, B1, C1, D1 (see Appendix). The elastic energy density at the external surface
Gelas ¼ 1
2
T 2;ð0Þij þ dT ð1Þij
 
E2;ð0Þij þ dEð1Þij
 
has been then developed to the ﬁrst order in d*:Gelas ¼ gelas0 þ dgelas1 þHðd2Þ; ð30Þ
withgelas0 ¼
1
2
T 2;ð0Þij ðr ¼ R2ÞE2;ð0Þij ðr ¼ R2Þ; ð31Þ
gelas1 ¼
1
2
T 2;ð0Þij ðr ¼ R2Þ
oE2;ð0Þij
or

r¼R2
R2Y ml ðh;uÞ þ
1
2
oT 2;ð0Þij
or

r¼R2
E2;ð0Þij ðr ¼ R2ÞR2Y ml ðh;uÞ
þ T 2;ð0Þij ðr ¼ R2ÞEð1Þij ðr ¼ R2Þ: ð32Þ
The time evolution Eq. (15) of the perturbation amplitude d ﬁnally reads:
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d
dd
dt
¼ DSX
2fc
kTR42
lðlþ 1Þ ðl 1Þðlþ 2Þ þ R2
R
R3  R31
 2
R32  R31
 2 f ðR1;R2; l; mÞ
" #
; ð33Þwhere R ¼ lc=T 20 and T 0 ¼ 2l 1þm1m  are respectively the characteristic length and stress of the problem. The
dimensionless function f is deﬁned byf ðR1;R2; l; mÞ ¼ 1þ f1ðR1;R2; l; mÞf2ðR1;R2; l; mÞ ; ð34Þwithf1ðR1;R2; l; mÞ ¼ ð2lþ 1Þ2ðð2m 1Þl4 þ ð4m 2Þl3 þ ð4m2 þ 6m 3Þl2 þ ð4m2 þ 4m 2Þl 8ð2m2
 3mþ 1ÞÞR2lþ42 R2l1  2lð4l5 þ 12l4 þ l3  18l2  5lþ 6ÞmR2lþ22 R2lþ21 þ ð2lþ 1Þ2ðl4
þ 2l3  l2  2l 4m2 þ 4ÞR2l2 R2lþ41 þ 2ð2ðm 1Þl5 þ ð4m2  5m 1Þl4  4ðm2  m
þ 1Þl3 þ ð7m2  m 4Þl2 þ ð9m2  5Þlþ 2ðm2  1ÞÞR2R4lþ31  2ð2ðm 1Þl5 þ ð4m2
þ 15m 9Þl4  4ð5m2  11mþ 5Þl3 þ ð43m2 þ 63m 22Þl2 þ ð33m2 þ 44m 15Þl
 8m2 þ 12m 4ÞR4lþ32 R1; ð35Þandf2ðR1;R2; l; mÞ ¼ ð2lþ 1Þ2ðl4 þ 2l3  l2  2l 4m2 þ 4ÞR2lþ42 R2l1 þ 2lð4l5 þ 12l4 þ l3  18l2  5l
þ 6ÞR2lþ22 R2lþ21  ð2lþ 1Þ2ðl4 þ 2l3  l2  2l 4m2 þ 4ÞR2l2 R2lþ41
þ 4ðl4 þ 2l3 þ ð3 4m2Þl2 þ ð2 4m2Þl m2 þ 1ÞR2R4lþ31 þ 4ðl4 þ 2l3 þ ð3 4m2Þl2
þ ð2 4m2Þl m2 þ 1ÞR4lþ32 R1: ð36ÞThe time evolution of the ﬂuctuation amplitude d has been found to be:dðtÞ ¼ dð0Þ exp s
s0
t
	 

; ð37Þwith the dimensionless growth rate s:s ¼ lðlþ 1Þ ðl 1Þðlþ 2Þ þ R2
R
ðR3  R31Þ2
ðR32  R31Þ2
f ðR1;R2; l; mÞ
" #
; ð38Þand the constant s0 ¼ kTR42=DSX2fc. The ﬁrst capillarity term in Eq. (38) is negative and favors the decay of the
perturbation, the second term coming from elasticity is positive and favors its growth. It can be observed from
Eqs. (35), (36) and (38) that in the general case of two shells of ﬁnite thickness, the growth rate s does not
depend on m but depends in a non-trivial form on the diﬀerent radii R1, R2 and R. In a ﬁrst time, the stability
of the external surface has been studied in the interesting limit case of a spherical precipitate embedded in a
ﬁnite size matrix. Taking R1 = 0 in Eq. (38), the growth rate simpliﬁes as follow:s ¼ lðlþ 1Þðlþ 2Þ l 1 ð2l
2 þ 5lþ 3Þð1 mÞ
2ðl2 þ ð1þ 2mÞlþ 1þ mÞ
R5
R52
R
R
	 

: ð39ÞSince when l = 1 the ﬂuctuation does not break the symmetry of the structure, the ﬁrst perturbation for which
the shape of the shell is modiﬁed is Y m2 . From Eq. (39), the condition s(l = 2) = 0 allows for determining the
critical external radius below which at least the second harmonic Y m2 may develop:R2 6 Rc2ð2Þ ¼
21ð1 mÞ
2ð7þ 5mÞ
R
R
	 
1=5
R: ð40ÞFor the lth order harmonic Y ml (with lP 2), a critical radius can be also derived, setting s = 0:
Fig. 2.
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ð7þ 5mÞð2l2 þ 5lþ 3Þ
21ðl 1Þðl2 þ ð1þ 2mÞlþ 1þ mÞ
	 
1=5
6 Rc2ð2Þ: ð41ÞIt can be observed in Eq. (40) that the ﬁrst critical radius Rc2ð2Þ only depends on the physical parameters of the
shells through the R* radius. As the eigenstrain 
* increases, this critical radius below which the second har-
monic starts to growth increases. It demonstrates the destabilizing eﬀect of stress on the external surface: an
initially stable shell may become unstable as soon as due to a suﬃciently high value of the intrinsic deforma-
tion, its external radius becomes smaller than the critical radius. From Eq. (41), it can be ﬁrst noticed that once
Rc2ð2Þ is deﬁned, the ratio Rc2ðlÞ=Rc2ð2Þ only depends on l and m. For given values of the radius R of the precip-
itate and of the eigenstrain *, the critical radius below which the lth order harmonic may appear decreases as l
increases. This can be explained since for high order harmonics (l 2) and for given values of the radii R2, R,
R*, the capillarity term cj and the elastic energy density g
elas
1 introduced in Eq. (33) grow like l2 and l,
respectively. In that case (taking l! +1), it yields:Rc2ðlÞ 
1 m
l
R
R
 1=5
R: ð42ÞOnce R and R* are given, the maximum number of harmonics susceptible to develop is theoretically limited by
the following geometric condition, Rc2ðlÞP R leading to:R
R
P
2ðl 1Þ
1 m
l2 þ lð1þ 2mÞ þ 1þ m
2l2 þ 5lþ 3 : ð43ÞWhen R approaches inﬁnity, the problem reduces to the study of the morphological instability of a semi-in-
ﬁnite planar solid under stress T0. The growth rate of a sinusoidal perturbation of the free surface appearing
by surface diﬀusion can be for example derived from Eqs. (37) and (39). One takes R2 = R such that the eigen-
strain spreads out in all the solid and k  2pR/l with k = 2p/k the average wavelength of the sinusoidal ﬂuc-
tuation and k the corresponding wavenumber (Mullins and Sekerka, 1963). Re-scaling the constant s0 in Eq.
(37) to s0 = kT/DSX
2fc, the growth rate of the ﬂuctuation writes:s  k3kc  k4; ð44Þ
with the critical wavenumber kc ¼ ð1 mÞT 20=lc. The well-known results obtained in the planar case (Asaro
and Tiller, 1972; Spencer et al., 1991; Srolovitz, 1991; Grinfeld, 1993) can be easily derived from Eq. (44):
the free surface of the planar solid is unstable with respect to ﬂuctuation of wavenumber k 6 kc. The wave-
number selected by diﬀusion such that the growth rate in Eq. (44) is maximum is k = 3/4kc.
The general case of two shells of ﬁnite radii can be now investigated. In the case of an aluminum structure,
the growth rate s of the ﬂuctuation Y ml has been plotted in Fig. 2 as a function of l for increasing values of theGrowth rate s versus l for diﬀerent values of the eigenstrain *.
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the diﬀerent physical parameters are taken as follow: l = 26 GPa, m = 0.33, c  1.2 J m2 (Scho¨chlin et al.,
1995). It can be observed that as * increases, the number of harmonics for which the growth rate is positive
increases leading to the development of a rough surface. The critical radii Rc2ð2Þ and Rc2ð3Þ below which the
second and third harmonics Y m2 and Y
m
3 respectively may appear have been then plotted in Fig. 3 as a function
of the inner radius of the ﬁrst shell R1, for a constant eigenstrain * = 0.01 and for a radius of the interface
given by R = 3 lm. It can be noticed that these two critical radii slowly decrease until R1  1/3R = 1 lm
and then strongly decrease. It can be concluded at this point that at constant eigenstrain, the development
of the ﬁrst two harmonics on the external surface is facilitated when the ﬁrst shell is thick, the most favorable
case being the spherical precipitate embedded in a matrix already studied. Although the geometry and the con-
dition of stress are diﬀerent from the case already studied by Sun et al. (1994) which consists in a spherical void
in a 3D solid under stress, the development of the Y 02 harmonic conﬁrms that a spherical structure can be
unstable and may evolve to a spheroid. For a very thin inner shell of radii R1 and R, the eigenstrain has to
be increased to facilitate the development of the roughness on the external surface. In the case of two very
thin shells of equal thickness, taking R2 = R + D/2 and R1 = R  D/2 with D/R 1, the growth rate deﬁned
in Eq. (38) can be expanded in power of D:Fig. 3.s ¼  ðl 1Þðlþ 2Þ  ð1 mÞ
4ð1þ mÞ
R2
RD
 ðl
2 þ lþ 2Þð1 mÞ
8ð1þ mÞ
R
R
 ð1þ 2mÞl
4 þ 2ð1þ 2mÞl3
48ð1þ mÞ2
D
R
"
þ ð5m
2 þ 2m 4Þl2 þ ð5m2 þ 4m 3Þl 4m2 þ 4
48ð1þ mÞ2
D
R
#
lðlþ 1Þ þHðD2Þ; ð45Þand the critical radius Rc2ðlÞ has been found to be:Rc2ðlÞ ¼ Rþ
1
2
a 1
2
ﬃﬃﬃ
b
p
c
; ð46Þwitha ¼ 3Rm2l2 þ 24Rm2l2  3Rl2 þ 24Rl2 þ 48Rml2 þ 3Rm2lþ 24Rm2l 3Rlþ 24Rl
þ 48Rmlþ 6Rm2  48Rm2  6R 48R  96Rm;
b ¼ 48ðm2  1Þðð2mþ 1Þl4 þ ð4mþ 2Þl3 þ ð5m2  2mþ 4Þl2 þ ð5m2  4mþ 3Þl
þ 4ðm2  1ÞÞR2 þ 36ðmþ 1Þ2ððl2 þ lþ 2ÞRðm 1Þ þ 8ðl2 þ l 2ÞRðmþ 1ÞÞ2; ð47Þ
c ¼ ð2mþ 1Þl4 þ ð4mþ 2Þl3 þ ð5m2  2mþ 4Þl2 þ ð5m2  4mþ 3Þlþ 4ðm2  1Þ: ð48ÞCritical radii Rc2ð2Þ and Rc2ð3Þ versus R1 for * = 0.01 and R = 3 lm.
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Considering the numerical values of the physical parameters used in this paper, it corresponds to an eigenstrain
smaller than 0.15%. Finally, the variation of the two characteristicmodes lc and lp can be numerically determined
in the general case of two shells of ﬁnite thickness. The critical mode lc deﬁned by s = 0 is such that for l 6 lc,
sP 0 and the corresponding harmonic may develop. Among all the possible harmonics, one is assumed to be
favored by surface diﬀusion and is assumed to develop faster than the others, this mode is deﬁned by:Fig. 4.os
ol

l¼lp
¼ 0: ð49ÞThe modes lc and lp have been plotted as a function of R1 for * = 0.01 in Fig. 4(a) and versus * for R1 = 1 lm
in Fig. 4(b). It can be observed in Fig. 4(a) that both critical and most probable modes lc and lp are almost
constant until R1  1 lm. For R1 > 1 lm, they decrease as the thickness of the ﬁrst shell is reduced. In the case,
where the eigenstrain * is increased at constant radii (Fig. 4(b)), the values of the modes lc and lp increase
demonstrating again the destabilizing eﬀect of the stress. It can ﬁnally be concluded that a great number of
harmonics may develop onto the external surface of the structure depending on the relative values of the inner
radius R1 and of the eigenstrain *. The probability that this surface develops a rough proﬁle is increased when
the intrinsic deformation takes high values and the inner radius R1 is small.
4. Conclusion
The linear stability of the external surface of a composite structure made of two stressed spherical shells has
been investigated when a ﬂuctuation described by a complete spherical harmonic is assumed to appear by sur-a
b
(a) lc and lp versus R1 for * = 0.01 and R = 3 lm. (b) lc and lp versus * for R1 = 1 lm and R = 3 lm.
3228 J. Colin / International Journal of Solids and Structures 44 (2007) 3218–3230face diﬀusion on the surface. The growth rate of the amplitude of the perturbation has been determined as a
function of diﬀerent geometric and physical parameters. In the general case of two shells of ﬁnite thickness, the
growth rate has been plotted versus l modes for increasing values of the eigenstrain. It has been observed that
the number of harmonics susceptible to develop increases with the intrinsic deformation leading to a possible
rough surface. The eﬀect of the inner radius of the ﬁrst shell has been then characterized on the critical and
most probable modes as well as on the critical radius Rc2ð2Þ below which the ﬁrst harmonic Y m2 that breaks the
symmetry develops. In the limit case of a stressed spherical precipitate in the matrix, an analytical expression
for the critical external radius below which the lth mode may appear has been determined. In the case of two
very thin shells of equal thickness, the critical radius Rc2ð2Þ has been also estimated. Finally, it can be conclud-
ed that the inner radius and eigenstrain are two relevant parameters in the study of the roughness. Their values
determine the number of harmonics that may appear for given external radius R2 and interface R of a given
material. In the case where several harmonics may appear, a numerical analysis of the non-linear evolution of
the surface taking into account the interaction between these harmonics would be interesting to carry out to
get relevant information on the long-time evolution of the amplitude of the roughness.
Finally, it can be underlined that this study may apply to a number of structures ranging from the meso-
scopic to the macroscopic scale. For example in the nuclear industry, the new generation of nuclear fuel is
made of spherical particles consisting in a core of nuclear materials coated with others materials. Under irra-
diation, a stress ﬁeld appears due to nuclear reactions in the bullets leading to the morphological change and
ageing of the spent fuel. The present analysis may give some information on the diﬀerent radii for which the
surface instability is supposed to appear.Appendix A. Elastic solution for the spherical shells
In the case of symmetrical intrinsic deformation of the shells with respect to the origin, the solution to
Navier’s equation (Boley and Weiner, 1960):r2~uk;ð0Þ þ 1
1 2mr r  ~u
k;ð0Þ  ¼ 2ð1þ mÞ
1 2m rE
k;ðÞ: ð50Þis ~uk;ð0Þð~rÞ ¼ uk;ð0Þr ðrÞ~er withuk;ð0Þr ðrÞ ¼ A0kr þ
B0k
r2
þ 1þ m
1 m
1
r2
Z r
r
Ek;ðÞðr0Þr02dr0: ð51ÞThe strain tensor is then deﬁned by:Ek;ð0Þrr ðrÞ ¼ A0k  2
B0k
r3
þ 1þ m
1 mE
k;ðÞðrÞ  2 1þ m
1 m
1
r3
Z r
r
Ek;ðÞðr0Þr02dr0; ð52Þ
Ek;ð0Þhh ðrÞ ¼ Ek;ð0Þuu ðrÞ ¼ A0k þ
B0k
r3
þ 1þ m
1 m
1
r3
Z r
r
Ek;ðÞðr0Þr02dr0: ð53ÞThe radial stress is given by:T k;ð0Þrr ðrÞ ¼ 2l
1þ m
1 2mA
0
k  4l
B0k
r3
 4l 1þ m
1 m
1
r3
Z r
r
Ek;ðÞðr0Þr02dr0; ð54Þand the ‘‘Hoop’’ stress writes:T k;ð0Þhh ðrÞ ¼ T k;ð0Þuu ðrÞ ¼ 2l
1þ m
1 2mA
0
k  2l
1þ m
1 mE
k;ðÞðrÞ þ 2lB
0
k
r3
þ 2l 1þ m
1 m
1
r3
Z r
r
Ek;ðÞðr0Þr02dr0: ð55ÞSolving the system of equilibrium Eqs. (5)–(8) with r* = R1, the four constants A
0
1;B
0
1;A
0
2 and B
0
2 have been
found to be:
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2ð1 2mÞ
3ð1 mÞ
ðR3  R31Þ
R32  R31
  ; ð56Þ
B01 ¼
ð1þ mÞ
3ð1 mÞ
R31ðR3  R31Þ
R32  R31
  ; ð57Þ
B02 ¼
ð1þ mÞ
3ð1 mÞ
R32ðR3  R31Þ
R32  R31
  : ð58ÞAppendix B. Elastic solution for the perturbed shells
When the external surface is perturbed by a spherical harmonic, the general form of the displacement ﬁeld
satisfying to Navier’s Eq. (18) has already been determined by Leo et al. (1985) and Leo and Sekerka (1989):uð1Þr ðr; h;uÞ ¼ f ðrÞY ml ðh;uÞ;
uð1Þh ðr; h;uÞ ¼ gðrÞ
oY ml
oh
ðh;uÞ;
uð1Þu ðr; h;uÞ ¼ gðrÞ
1
sin h
oY ml
ou
ðh;uÞ;
ð59Þwithf ðrÞ ¼ A1rl1 þ B1rlþ1 þ C1rl2 þ D1rl;
gðrÞ ¼ 1
l
A1rl1 þ fB1rlþ1  1
lþ 1C
1rl2 þ 1D1rl;
ð60Þandf ¼ lþ 5 4mðlþ 1Þðl 2þ 4mÞ ; 1 ¼
4 l 4m
lðlþ 3 4mÞ : ð61ÞThe constants A1, B1, C1 and D1 which are not given in this paper are determined with the help of equilibrium
Eqs. (22) and (23). The resulting strain tensor can then easily be derived using the following relations:Eð1Þrr ¼
of ðrÞ
or
Y ml ðh;uÞ; ð62Þ
Eð1Þhh ¼
f ðrÞ
r
þ m
2
sin2 h
gðrÞ
r
 lðlþ 1Þ gðrÞ
r
	 

Y ml ðh;uÞ 
gðrÞ
r tan h
oY ml
oh
ðh;uÞ; ð63Þ
Eð1Þuu ¼
f ðrÞ
r
 m
2
sin2 h
gðrÞ
r
	 

Y ml ðh;uÞ þ
gðrÞ
r tan h
oY ml
oh
ðh;uÞ; ð64Þ
Eð1Þrh ¼
1
2
f ðrÞ
r
þ ogðrÞ
or
 gðrÞ
r
	 

oY ml
oh
ðh;uÞ; ð65Þ
Eð1Þru ¼
im
2 sin h
f ðrÞ
r
þ ogðrÞ
or
 gðrÞ
r
	 

Y ml ðh;uÞ; ð66Þ
Eð1Þhu ¼ 
im
tan h sin h
gðrÞ
r
Y ml ðh;uÞ þ
im
sin h
gðrÞ
r
oY ml
oh
ðh;uÞ: ð67ÞThe stress tensor is determined by Hooke’s law: T ð1Þij ¼ 2lEð1Þij þ 2lm12mEð1Þkk dij, where summation over repeated
indices is assumed and dij = 1 for i = j and 0 for i5 j.
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